Background: Complex dynamic changes in body composition, dietary intake, energy expenditure, and macronutrient oxidation occur during infant growth. Although previous investigators have focused on energy requirements for normal growth, little is known about the dynamic coordination of macronutrient balance. Objective: Our objective was to develop a mathematical model of the dynamic relations between diet, macronutrient oxidation, and energy expenditure during normal infant growth.
INTRODUCTION
Infant growth is an extraordinarily complex process involving dynamic changes in body weight, body composition, energy expenditure, and macronutrient intake. After birth, breastfed infants receive a diet that has a relatively high fat content and is dramatically different from the nutritional environment of the fetus (1) . Body fat accumulates very quickly in the first few months after birth, but growth of lean body mass subsequently becomes the biggest contributor to weight gain (2) . Such changes require complex coordination of substrate utilization to achieve the macronutrient imbalances responsible for tissue deposition during normal growth.
Experimental determination of how macronutrient oxidation rates adapt during normal infant growth is difficult. A comprehensive study of substrate utilization during growth would require 24-h indirect calorimetry measurements at regular intervals while trying to approximate free-living conditions-a task that is far from straightforward to achieve in infancy and early childhood (3) . Recently, our group described a quantitative mathematical relation between body-composition changes and the adaptations of daily macronutrient oxidation rates required to generate these body-composition changes (4) . From this relation, food intake and energy expenditure dynamics during adult overfeeding and underfeeding were used to calculate longitudinal body composition and macronutrient oxidation dynamics. The results of that study suggest that it should be possible to similarly relate macronutrient oxidation rates, body composition, food intake, and energy expenditure in growing infants.
Previously, Butte et al (5-7) used measurements of body composition and estimates of 24-h respiratory quotient (RQ) and daily carbon dioxide production (V CO 2 ) rates, measured with the doubly labeled water method, to calculate energy intake requirements for infants at isolated time points over the first 2 y of life. Here, we used a mathematical model to integrate the same data continuously in time to calculate the energy intake, total energy expenditure, and, for the first time, 24-h RQ and macronutrient oxidation rates that must have occurred to generate the observed rates of fat and lean tissue deposition. The mathematical model ensured that the fates of macronutrients were accounted for continuously in time. Furthermore, the model was used to examine the sensitivity of the calculations to realistic uncertainties in the longitudinal input data.
METHODS
We sought to develop a mathematical model of infant growth that integrated body-composition and doubly labeled water data during positive energy balance. Specifically, we aimed to calculate continuous estimates of 1) total energy expenditure dynamics directly by using V CO 2 measurements, 2) energy intake requirements for normal growth 3) the 24-h RQ, and 4) dynamic changes in macronutrient oxidation rates responsible for the macronutrient imbalances leading to the tissue deposition rates observed during normal growth. Published data from breastfed boys from the recent study by Butte et al (5) (6) (7) were used as an exemplary case, although any comparable data set may be used in the model.
A schematic outline of the model is shown in Figure 1 . The model inputs consist of the data provided by the experiments conducted by Butte et al, whereas the model outputs are those variables calculated by the model. A tabulated list of the experimental data, model parameters, and variables is provided in Table 1 . As indicated in Table 1 , the model contains 9 parameters in addition to the inputs and outputs indicated in Figure 1 . There are no free parameters in the model, as the values of all 9 parameters are provided by the literature.
The mathematical details linking the model inputs and outputs are contained in Appendix A. The model equations were solved through an optimization procedure, with the algorithm seeking to find the energy intake and expenditure rates as well as the fat and nonfat oxidation rates that minimize the difference between the simulated and observed body-weight and body-composition changes during normal growth while simultaneously ensuring that these variables were consistent with the V CO 2 data obtained by Butte et al. The optimization procedure is discussed in detail in Appendix A.
The model inputs, which were obtained directly from the experimental data of Butte et al (5) (6) (7) , are illustrated in Figure 2 . To facilitate calculation of the model outputs continuously through time rather than at discrete time points, the experimental data were fit by using smoothing splines (shown as the solid lines in Figure 2 ).
To ensure that the composition of the calculated dietary intake ( Figure 2B ) was representative of the average diet of a growing infant, we assumed that the relative proportions of the fat and nonfat contents of the diet were the same as those in Butte et al's study. That is, we did not specify how many calories the infant consumed (this was calculated by the model), but we did constrain the infant to consume a diet consisting of x% fat and (100 Ҁ x) % nonfat, with the value of x changing with time according to the data provided by Butte et al for the breastfed boys (7) . We assumed that the diets had adequate high-quality protein and that their micronutrient content was complete.
RESULTS

Energy intake requirements and total energy expenditure
The calculated energy intake requirements for an average male breastfed infant are depicted as dashed curves in Figure 3A 2 F and L are used by the model through the F vs L curve illustrated in Figure 2B . When simulating how body weight changes with time, however, F and L are free variables calculated by the model.
3B. Total energy expenditure, calculated by using Equation A13
(Appendix A) and based on the V CO 2 data from Butte et al, is shown as solid curves. As suggested in Figure 3 , A and B, after an initial period of Ȃ6 mo, during which there was a large positive energy balance, energy expenditure tracked intake very closely. The initial phase of positive energy balance corresponded with the period of the greatest rate of growth during the first 2 y of life ( Figure 2C ) and with the period of the greatest rate of body fat accumulation.
Also shown in Figure 3 , A and B, are the recommended energy requirements suggested by Butte et al (indicated by the symbol ҂). As illustrated in Figure 3A , the recommended energy requirements calculated by Butte et al, which match the 2004 FAO/WHO/UNU recommendations for growing infants very well (indicated by the symbol Ⅺ) (13), are slightly higher than the energy requirements calculated by our model. All of these estimated energy requirements are significantly lower than the 1985 FAO/WHO/UNU recommendations for growing infants (indicated by the symbol ѿ) (12) .
Macronutrient intake and oxidation rates
The calculated fat and nonfat intake rates are depicted as dashed curves in Figure 3 , C and D. These simulations indicated that breastfed male infants ingest fat at an approximately constant absolute rate during the first 2 y of life. However, the fat oxidation rate is initially very low and the majority of the fat consumed by the infants is stored in the body during this period of growth. Over time, the fat oxidation rate plateaus below 300 kcal/d, whereas the nonfat oxidation rate gradually grows to Ȃ700 kcal/d at 2 y of age as the nonfat proportion of the diet increases.
Fat oxidation fraction and respiratory quotient
The fraction of energy expenditure derived from fat oxidation during the first 2 y of life is shown in Figure 4A . Although the fat oxidation rate is initially very low, fat oxidation comprises Ȃ25% of total substrate oxidation just after birth. The fat oxidation fraction then rises to almost 45% at Ȃ4 mo of age, after Table 3 of reference 7, assuming energy densities for fat, protein, and carbohydrate of 9440 kcal/kg, 4700 kcal/kg, and 4180 kcal/kg, respectively. C: Average body weight of male breastfed infants during the first 2 y of growth. The data are from Table 1 of reference 5. D: Lean mass plotted as a function of fat mass in growing male infants. The data for lean and fat mass are from Table  2 of reference 5. which it drops approximately linearly back to 25% over the remainder of the period studied.
The solid curve in Figure 4B illustrates the time course of the calculated 24-h RQ required to match the body-composition and V CO 2 dynamics measured by Butte et al. Also shown are the RQ values assumed by Butte et al to calculate total energy expenditure in their study (indicated by the symbol ҂) (6). As indicated in Figure 4B , the RQ values assumed by Butte et al, based on food quotient estimates, are different from the values calculated by our model. Despite these differences, the predicted time course of total energy expenditure did not differ greatly from the total energy expenditure calculated by Butte et al using the estimated RQ values (data not shown).
Model sensitivity
As indicated in Table 1 , the model uses experimental data as input. Given the reported variability of the experimental data, we explored the sensitivity of the calculated energy intake, total energy expenditure, and 24-h RQ to variation in the time course of the 4 model inputs indicated in Figure 1 : 1) V CO 2 , 2) fat content of the diet, 3) body weight, and 4) body-composition curve. The variability (ie, the SD) in V CO 2 data was reported previously by Butte et al (6) , as was the variability in body weight and lean and fat masses (5) .
Three different curves for each set of input data were studied. The first set of curves studied, corresponding to the variation in V CO 2 , is shown in Figure 5A . The mean V CO 2 is shown as a solid line, whereas the time courses of V CO 2 one SD below and one SD above the mean are shown as dashed and dashed-dotted curves, respectively.
The effect of shifting the V CO 2 curve on total energy expenditure and energy intake is shown in Figure 5 , B and C, respectively. A shift in the V CO 2 data to one SD below the mean resulted in a large drop in both the calculated total energy expenditure and the energy intake, whereas a shift in the data above the mean had the opposite effect. A shift in the V CO 2 curve also had a significant effect on the 24-h RQ dynamics during the first 4 -5 mo of life, as illustrated in Figure 5D . After these early differences, the RQ dynamics for the shifted curves were practically identical to those of the mean data for the remainder of the period studied. The mean and shifted curves for the fat content of the diet are shown in Figure 6A . Here, the data are shifted so that the fat content is either 10% lower (dashed curve) or higher (dashed-dotted curve) compared with the mean data over the entire time course. In this case, varying the fat content of the diet had almost no effect on the calculated total energy intake or energy expenditure ( Figure 6 , B and . Sensitivity of the model to variations in the time course of carbon dioxide production rate. A: Mean (solid line) and shifted carbon dioxide production rate curves. The dashed curve is approximately one SD below the mean, whereas the dashed-dotted curve is approximately one SD above the mean. B-D: Effects of shifting the carbon dioxide production rate curve on calculated total energy expenditure (B), energy intake (C), and 24-h respiratory quotient (D). C). Altering the fat content of the diet did, however, have a significant effect on the 24-h RQ ( Figure 6D ). Lowering the fat content of the diet caused an increase in the 24-h RQ, with the opposite changes occurring in response to an increase in the fat content of the diet.
The effects of shifting the body-weight curve away from the mean are shown in Figure 7 . The dashed curve in panel A represents a shift of one SD below the mean, whereas the dasheddotted curves represent a shift of one SD above the mean. As indicated in panels B through D, variation in the body-weight and body-composition curves had very little effect on the calculated energy intake, total energy expenditure, and 24-h RQ.
The effects of shifting the body-composition curve are shown in Figure 8 . The dashed curves in Figure 8 indicate a shift of the body-composition curve of one SD down and to the right, whereas the dashed-dotted curves represent a shift of one SD up and to the left. As indicated in panels B through D, variation in the body-composition curves similarly had very little effect on the calculated energy intake, total energy expenditure, and 24-h RQ.
DISCUSSION
Our mathematical model of infant macronutrient balance presents a continuous dynamic picture of the complex interactions of macronutrient intake, oxidation, and body composition that occur during normal growth. The model was used to integrate a variety of experimental data from the longitudinal study of Butte et al (5) (6) (7) , and, for the first time, calculated the dynamic changes in macronutrient oxidation rates and the changes in 24-h RQ that would be required to consistently integrate the body composition, diet composition, and daily average V CO 2 data obtained by Butte et al.
Our model predicted that breastfed boys undergo significant dynamic adaptations of fuel selection over the first 2 y of life. Despite a very high initial percentage of dietary fat, oxidation of fat is greatly suppressed and only gradually increases after birth, whereas nonfat oxidation closely follows intake over the entire period. These substrate oxidation dynamics are reflected in the time course of the calculated 24-h RQ, where the low initial level of fat oxidation is manifested as a high initial RQ that is followed by a drop over time as relatively more fat is burned.
The physiologic mechanisms underlying these changes in substrate utilization are not specified by our model and deserve further investigation. Because the nutritional environment of the developing fetus is determined primarily by a high rate of glucose transfer across the placenta (14) , it is possible that the gestational period has endowed the newborn with a low capacity for fat oxidation and a high capacity for de novo lipogenesis (which can appear as a low fat oxidation via indirect calorimetry). Alternatively, the magnitude of positive energy balance during postnatal development may itself regulate substrate utilization, suppressing fat oxidation through an insulin-related mechanism. Indeed, whereas insulin concentrations have been observed to dramatically fall over the first 48 h after birth (15), insulin remains 2.5-fold higher 48 h after birth than 1 y after birth (16) .
Because the rate of weight gain is driven by an imbalance between energy intake and expenditure, it is necessary to know the time course of total energy expenditure to use the bodycomposition changes to calculate energy intake. The doubly labeled water method is the gold standard method for assessing free-living energy expenditure, but this method requires an estimate of the 24-h RQ to translate the measured V CO 2 rate into total energy expenditure (17). Butte et al previously assumed that the RQ could be estimated on the basis of diet composition along with corrections for body-composition change determined from previous cross-sectional data (2, 6, 17) . However, the assumed cross-sectional body-composition data (2) had previously been shown to significantly differ from Butte et al's longitudinal measurements, especially during the first year of life (5) . Therefore, the previous assumptions used to estimate the 24-h RQ, and thereby determine the total energy expenditure, were not selfconsistent.
Our model, on the other hand, calculated the 24-h RQ that was required to be consistent with the body-composition, diet composition, and V CO 2 data obtained by Butte et al, thereby bypassing the need to provide RQ estimates to calculate total energy expenditure. The model predicted energy intake requirements that were slightly lower than the previous estimates of Butte et al (6) as well as the 2004 FAO/WHO/UNU recommendations for growing infants (13) and were significantly lower than previous estimates (12) . Nevertheless, the fact that our new estimates for the energy intake requirements are similar to those of Butte et al suggests that the assumed RQ values used in that study, although different from our calculated values, had little effect on the calculated total energy expenditure (18, 19) .
It should be noted that there is a paucity of longitudinal data on 24-h RQs for growing infants. Much of the available RQ data relates to very-low-birth-weight and preterm infants (20 -25) , with only limited data available for full-term infants (26, 27) . Although the lack of available data precludes a direct comparison between simulation and experiment, our simulations provide experimentally testable predictions for how RQ would be expected to vary during infancy. Furthermore, the ability of our model to extract information about RQ exemplifies how mathematical modeling may be used to obtain information from experimental data that would otherwise be missed.
The experimental data obtained by Butte et al was reported in the literature as mean values and corresponding SDs because the data resulted from measurements of 76 different infants (5) (6) (7) . Given that the model uses these data as inputs, we investigated whether the variability of the data influenced the model outputs. We calculated energy intake, total energy expenditure, and 24-h RQ dynamics in response to variations in the time courses of V CO 2 , percentage fat content of the diet, body weight, and bodycomposition curves compared with their mean values.
We found that fairly large changes in the percentage fat content of the diet, body weight, or body-composition curves had little effect on the calculated energy intake or the total energy expenditure. Changing the percentage fat content of the diet did, however, markedly alter the 24-h RQ dynamics, whereas shifting the body weight and body-composition curves had practically no effect on the RQ dynamics. Shifting the V CO 2 rate curve generated a significant change in the energy dynamics and in the initial dynamics of the calculated 24-h RQ.
In summary, our study demonstrates the utility of integrating experimental data through a mathematical model to extract physiologic information that would otherwise not be available. As we have shown, the model can be used to determine how variability in the experimental measurements (ie, the model inputs) influences the calculated values of interest (ie, the model outputs)-a task that would be prohibitively tedious without the aid of a mathematical model. 
APPENDIX A Macronutrient balance model
Our model is based on a previous mathematical model of macronutrient balance that relates body-composition dynamics to macronutrient intake and oxidation rates in adults (1). Consider the following equations that describe macronutrient balance:
where E is total energy expenditure, F is body fat mass, I F is the metabolizable intake rate of fat, L is lean body mass, I L is the sum of the metabolizable intake rates of protein and carbohydrate, and F and L are the energy densities of F and L, respectively. f F is the fraction of the energy expenditure rate accounted for by fat oxidation. In other words, f F E is the fat oxidation rate and (1 Ҁ f F )E is the sum of the oxidation rates of carbohydrate and protein. Equation A1 simply states that the rate of change of energy stored in the body as fat results from differences between fat intake and oxidation rates. Equation A2 is a similar equation for the combination of carbohydrate and protein balances and their effect on the rate of change of energy stored in the body as lean mass. Because glycogen comprises a small fraction of lean body mass, the energy content of L is typically attributed to body protein alone (2).
Energy density of lean mass
It is reasonable to assume that the energy density of body fat, F , is a constant, and does not change during development. However, it has been observed that the protein content of lean body mass changes during early stages of growth (3, 4) , which means that L is not constant. To account for the changing composition of lean body mass, we introduced an effective energy density of lean mass changes, denoted L , by expanding the left side of Equation A2 using the product rule:
We used the average body-composition data provided by Butte et al (4) to first determine L as a function of lean mass. Specifically, we assumed that the energy content of lean mass was provided solely by the protein content of the lean mass. The percentage protein content of lean mass in growing infants (4) was used to calculate the energy density of lean mass ( L ) at any given age by dividing the energy content supplied by protein (assuming an energy density of protein of 4700 kcal/kg; see Table 1 ) by the total lean mass at that age. The values for L calculated from the data using this method and the line of best fit used in our model are shown in Figure  A1A . Using Equation A4, we then computed the effective energy density of lean mass changes, L , as shown in Figure A1B . As evident in Figure A1 , L is an increasing function of lean mass that is always greater than the absolute energy density of the lean body mass.
With this modification, Equations A1 and A2 can be rewritten as follows:
Body-composition dynamics
In their current form, Equations A5 and A6 treat L and F independently. However, the data from Butte et al determine an empirical relation between L and F for an average growing infant that can be used to constrain the dynamics of our model (4). The average body-composition curve relating L and F for breastfed infant boys is shown in Figure 2B . During growth, the infant moves along this curve as both L and F increase. Because L is a smooth function of F, its derivative dL/dF is a well-defined function of F.
To incorporate this empirical relation between L and F into the model, we divided Equation A6 by Equation A5 and rearranged terms to find the fat oxidation rate, f F E, and nonfat oxidation rate (1 Ҁ f F )E:
where K ҃ L / F . Equations A7 and A8 calculate how the macronutrient oxidation rates adapt to changes in diet, energy expenditure, and lean and fat mass; dL/dF was calculated at any given fat mass from the slope of the curve in Figure 2B . In other words, these equations ensure that macronutrient oxidation rates adapt appropriately to give rise to a normal body composition relation during growth.
With the use of Equations A7 and A8, we can rewrite Equations A5 and A6 in their final form:
Equations A9 and A10 ensure that the body-composition changes by moving along the curve depicted in Figure 2B . However, the rate of movement along this curve, and the corresponding rate of change of body weight, cannot be determined until both the total energy expenditure and energy intake rates are specified. Alternatively, given the time courses for body weight and total energy expenditure, the macronutrient balance equations can be used to determine the dietary intake requirements for normal growth. This latter procedure was used in the present study; for this procedure to be used, however, it was necessary to simultaneously compute the time course of total energy expenditure. This was done by using the V CO 2 data provided by Butte et al (5) . Table 4 of reference 4; corresponding data for lean mass is from Table 2 of reference 4.
Calculating total energy expenditure
Total energy expenditure can be calculated from V CO 2 , respiratory quotient (RQ), and nitrogen excretion (N) according to the Weir equation:
Here, the parameters ␣ ҃ 1.25 kcal/L , ␤ ҃ 3.76 kcal/L, and ␥ ҃ -1.09 kcal/g are given by Cunningham (6) . The doubly labeled water method used by Butte et al (5) provides a measurement of the average V CO 2 rates at various time points, but calculation of E necessitates estimation of the RQ corresponding to each measurement. Although Butte et al estimated the RQ based on diet composition, our model self-consistently calculates the continuous changes in the RQ based on the macronutrient oxidation rates responsible for the appropriate relative fat and lean tissue deposition for a given dietary intake, as described below.
The relation between RQ and macronutrient oxidation rates is as follows:
where f P is the fraction of the energy expenditure accounted for by protein oxidation, (1 -f F -f P ) is the fraction of the energy expenditure accounted for by carbohydrate oxidation, and A ҃ 0.7, B ҃ 0.83, and C ҃ 1 are the RQs for fat, protein, and carbohydrate oxidation, respectively (7) . N can be determined from the protein oxidation rate (f P E) according to N ҃ (f P E/ 6.25 P ), where it is assumed that 1 g N is generated by 6.25 g protein, and P ҃ 4.7 kcal/g is the energy density of protein (8) .
Insertion of Equation A12
into Equation A11 yields the following expression for E:
where V CO 2 is measured in liters per day. The V CO 2 data obtained by Butte et al from male breastfed infants and used in our model is shown in Figure 2A . We assumed that the protein oxidation fraction is a constant value, f P ҃ 0.1 (9) . Therefore, Equation A13 calculates the total energy expenditure from the V CO 2 measurements once the fat oxidation fraction (f F ) is specified. 
where
However, from Equation A13, we know that
Expansion of Equation A17 results in the following quadratic equation in f F :
V CO 2, I F , I L , and f P are known as a function of time. As a result, the 2 roots of Equation A18 can also be calculated as a function of time. Both roots of Equation A18 are real, but only one is positive and less than one in magnitude. Given that the fat oxidation fraction must satisfy these constraints, f F is set equal to this root.
Optimization procedure
The preceding discussion lays out the details of the equations used in the model. For a given diet (I F and I L ), our equations calculate the fat oxidation fraction (f F ) and corresponding RQ, the relative deposition rates of fat and lean tissue (ie, movement along the L vs F curve), and the corresponding total energy expenditure (E) consistent with given V CO 2 data.
To run simulations using the model, we used the following procedure:
1) Make an initial guess of the time course for the metabolizable energy intake, I. 2) Calculate the time courses for I F and I L (given that I F ѿ I L ҃ I) by using the diet composition depicted in Figure 2B. 3) Use the initial body weight (from experimental data) to calculate initial values for L and F ( Figure 2D ). This procedure calculates the time course of L and F consistent with the V CO 2 data for a given estimate of energy intake dynamics. However, only the correct energy intake rate (I ҃ I F ѿ I L ) will reproduce the rate of weight gain observed in experiments, thereby providing an estimate of the energy requirements of normally growing infants. We therefore have a well-posed optimization problem: find the energy intake rate that minimizes the difference between the simulated and measured changes in body weight during normal growth.
On the basis of the preceding modeling procedure, we used the following iterative optimization procedure (depicted in its entirety in Figure A2 ) to determine the energy intake requirements for normally growing infants: The iterative optimization and numerical evaluation of the ordinary differential equations was performed in MATLAB (version R2007a; MathWorks Inc, Natick, MA). The optimization of I to minimize the difference between the calculated and observed body weight data were performed by using the "lsqcurvefit" function in MATLAB. This function uses a subspace trust region algorithm to perform the optimization. (Fig. 2D) Calculate RQ (Eq. A12) Figure A2 . Flow chart detailing the iterative procedure used for calculating energy intake, total energy expenditure, and substrate oxidation rates during growth consistent with the body composition, diet composition, and carbon dioxide production (V CO 2 ) data provided by Butte et al (4, 5, 10) .
